Abstract. In the present paper, by making use of the concatenation of 17 2 − 1 = 288 points on the sphere of radius 4 in R 16 and subcodes of algebraic geometry codes over F 17 2 , we improve the best-known constructive bound on kissing numbers by A. Vardy.
Introduction
One classical question in the geometry of numbers is how many nonoverlapping balls of the same radius in n-dimensional Euclidean space R n can be arranged so that they all just touch, or "kiss", another ball of the same size. This problem is equivalent to packing points on a sphere (i.e., the surface of a ball [1] ).
Let us give a precise definition of kissing numbers. The kissing number K n (or Newton number after the originator of the problem) is defined to be the largest number of nonoverlapping balls in R n so that they all just touch a given ball (all balls here have the same size). The exact values of K n are known only for a few small dimensions n. This is equivalent to saying that K n is the size of the largest set of points on a sphere in R n of radius r such that any two distinct points in the set have distance at least r. This motivates us to define spherical codes.
A spherical code S in R n is a set of points on a sphere S n (r) of radius r and center 0 (0 denotes the origin) in R n ; i.e., S is a subset of
The distance of S is defined to be
where d E (x, y) denotes the Euclidean distance of two points x and y. Thus, the kissing number is equal to
Remark 1.1.
(i) Note that K n is independent of the radius r. (ii) Some authors always consider spherical codes in S n (1) (e.g., see [1, p. 24] ).
We find that sometimes it is more convenient if the radius is not fixed.
If the distance of S is strictly less than or greater than radius r, then we can generalize the definition of kissing numbers in terms of angles.
Let φ be an angle with 0 < φ < 90 o and let r, ρ satisfy sin(φ/2) = ρ/(2r). Then the kissing number K n (φ) is defined by
It is clear that K n = K n (60 o ). By (1.2), a spherical code S ⊂ S n (r) with distance at least ρ gives a lower bound
In this paper, we are interested in the asymptotic behavior of K n (φ); i.e., we want to look at how K n (φ) varies when n tends to infinity for a fixed φ. We define the asymptotic quantity
n .
Kabatiansky and Levenshtein [3] show that one has, for 0 < φ < 90 o ,
, On the other hand, a lower bound on k(φ) is given in [6, 8] by
This is an existence bound and cannot be constructed even in exponential time. In particular, we obtain
It is shown by A. Vardy (see [1] ) that a sequence of spherical codes can be constructed in polynomial time and gives a lower bound
In this paper, we mainly focus on constructive lower bounds on k(60 o ). By employing algebraic geometry codes, we give an explicit construction of a spherical code sequence that gives a better constructive bound than (1.7).
Let us describe Vardy's method to get the bound (1.7) without detailed proof.
For an algebraic curve X over the finite field F q of q elements, choose n + 1 distinct F q -rational points P 0 , P 1 , . . . , P n of X . A one-point Goppa geometric code of length n over F q is defined by
where L(mP 0 ) is the Riemann-Roch space defined by
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The code C X (mP 0 ; P 1 , P 2 , . . . , P n ) has parameters [n,
Moreover, this code can be explicitly constructed as long as the base curve X is explicitly given. From [2] , there is a family {X } of algebraic curves over F 16 2 that can be explicitly constructed such that N (X ) → ∞ and N (X )/g(X ) → 15. For each curve X in this family, let C X (mP 0 ; P 1 , P 2 , . . . , P n ) be a one-point Goppa geometric code defined above with n := N (X ) − 1 and m := n/3 . Then the Hamming distance δ of the code is at least n − m ≥ 2n/3.
The binary Preparata code of length 16 (see [4, p. 99]) has parameters (16, 2 8 , 6). We change the 2 8 = 256 codewords in this code into 256 points on the sphere S 16 (4) of radius 4 in R 16 by sending 1 to 1 and 0 to −1. Denote by S the set consisting of these 256 points on S 16 (4). Then it is easy to see that d E (S) ≥ √ 4 × 6 = √ 24. Let χ be a bijection from F 16 2 to S (such a bijection exists since these two sets have the same size). Then (χ(c 1 ), . . . , χ(c n )) is a point on the sphere S 16n ( √ 16n) for any codeword (c 1 , . . . , c n ) of C X (mP 0 ; P 1 , P 2 , . . . , P n ). Thus, the set χ(C X (mP 0 ; P 1 , P 2 , . . . , P n )) becomes a spherical code S X on the sphere
The above lower bound gives the constructive bound (1.7) by letting N (X ) → ∞.
In this paper, we extend the above method by A. Vardy and obtain the following result. 
Proof. Let = 2 m/2 − g + 1 ≤ m − 2g + 1. By the inclusion and exclusion principle, we have
Hence, we have
Note that in the above inequalities we used the facts that Proof of Theorem 1.2. Let {X } be a family of curves over F 17 2 that is explicitly given in [2] such that N (X ) → ∞ and N (X )/g(X ) → 16. For each curve X in this family, consider a code over F 17 2 \ {0} defined by
where n = N (X ) − 1, m = n/3 and P 0 , P 1 , . . . , P n are n + 1 distinct F q -rational points on X . Then it is easy to see that (f (P 1 ), f(P 2 ), . . . , f(P n )) = (g(P 1 ), g(P 2 ), . . . , g(P n )) for two distinct functions f, g in L(mP 0 ) since m < n (see [7, 5] ). Moreover, the Hamming distance of C X is at least n − m ≥ 2n/3.
From the previous section, we know that there is a spherical code S on the sphere S 16 (4) with |S| = 2 8 = 256 and d E (S) ≥ √ 24 such that all coordinates in each codeword are equal to 1 or −1. We now add 32 points (±4, 0, . . . , 0), (0, ±4, 0, . . . , 0) , . . . , (0, . . . , 0, ±4) on S 16 (4) to the set S to get a spherical code S . Then it is easy to see that S ⊂ S 16 (4), |S | = |S| + 32 = 17 2 − 1 and d E (S ) = √ 24. Through a bijection τ from F 17 2 \ {0} to S , the set τ (C X ) is a spherical code on S 16n ( √ 16n). Moreover, we have
with q = 17 2 . Considering the limit lim sup n→∞ log 2 (K 16n )/(16n) for K 16n from the inequality (2.2), we obtain the desired result.
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